Abstract. This paper is a survey on the Lickorish type construction of some kind of closed manifolds over simple convex polytopes. Inspired by Lickorish's theorem, we propose a method to describe certain families of manifolds over simple convex polytopes with torus action. Under this construction, many classical classification results of these families of manifolds could be interpreted by this construction and some further problems will be discussed.
It is natural to ask: is there any other examples of this construction? This is the main motivation of this survey paper. Under the viewpoint of Lickorish's construction, we survey some known results of constructing some families of closed manifolds arising in toric topology. We hope that such constructions would be further studied with more applications. The reader is referred to [3] and [2] for the backgrounds of toric topology.
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Closed manifolds over simple polytopes
Let P n be an n-dimensional simple convex polytope in an Euclidean space. Suppose the number of facets (codimension-one faces) of P n is m. According to [3] , one can construct a T m -manifold Z P n and a Z m 2 -manifold RZ P n whose orbit spaces are both P n . Indeed, let {F 1 , · · · , F m } be the set of facets of P n . Let {e 1 , · · · , e m } be an unimodular basis of Z m . Define a function λ 0 :
For a proper face f of P n , let G f denote the subtorus of the m-dimensional real torus T m determined by the set {λ 0 (
For any point p ∈ P n , let f (p) denote the unique face of P n that contains p in its relative interior. Then by [3, Construction 4 .1], the moment-angle manifold Z P n of P n is defined to be the following quotient space
where (p, g) ∼ (p , g ) if and only if p = p and g −1 g ∈ G f (p) . In addition, let Θ P n : P n × T m → Z P n be the quotient map. There is a canonical T m -action on Z P n by (3) g · Θ P n (p, g) = Θ P n (p, g g), p ∈ P n , g, g ∈ T m .
If we replace T m by the Z 2 -torus (Z 2 ) m and replace λ 0 by a function that maps {F 1 , · · · , F m } to a basis of (Z 2 ) m , we can similarly define RZ P n = P n × (Z 2 ) m / ∼ as (2) and a canonical (Z 2 ) m -action on RZ P n as (3).
V. Buchstaber (cf. [2] ) defines s C = s C (P n ) (or s R = s R (P n )) to be the maximal dimension of the subtorus of T m (or sub-Z 2 -torus of (Z 2 ) m ) that can act freely on Z P (or RZ P ) through the canonical action. It is easy to see that
Note that Z P n and RZ P n are the "highest level" manifolds over P n . If we have a subtorus
2 /H R -manifold RZ P n /H R ) with orbit space P n , called a partial quotient of Z P n (or RZ P n ). Therefore, one can construct a series of manifolds with real torus (or Z 2 -torus) actions whose orbit spaces are all P n as shown in the following picture.
Note that any partial quotient of Z P n (or RZ P n ) can be described by a nondegenerate Z r -coloring (or (Z 2 ) r -coloring) on P n with n ≤ r ≤ m in the similar fashion as
. Given any nondegenerate Z r -coloring µ on P n , we can obtain an (n + r)-dimensional manifold M (P n , µ) defined by:
where (p, g) ∼ (p , g ) if and only if p = p and g −1 g is in the subtorus of T r determined by the set {µ(
There is a canonical action of T r on M (P n , µ) whose orbit space is P n . Similarly, given a nondegenerate (Z 2 ) r -coloring µ on P n , we can construct an n-dimensional manifold M (P n , µ ) with a canonical (Z 2 ) r -action whose orbit space is P n . It is not hard to see that any partial quotient of Z P n (or RZ P n ) can be realized as M (P n , µ) by some nondegenerate Z r -coloring (or (Z 2 ) r -coloring) µ on P n .
Inspired by Lickorish's theorem, we propose the following problem.
Problem 2.1. Give a Lickorish type construction for all the partial quotients of (real) moment-angle manifolds over simple polytopes described above. In other words, find some generators and operations that can produce all such kind of closed manifolds.
In particular, if T m−n (or (Z 2 ) m−n ) can act freely on Z P n (or RZ P n ) through the canonical action, the quotient space
n -coloring) on the facets of P n corresponding to a quasitoric manifold (or a small cover) is also called its characteristic function. These manifolds are introduced by Davis-Januszkiewicz [3] as analogues of smooth projective toric variety in the category of closed manifolds with real torus and Z 2 -torus actions. In this case, it is also interesting to study the Lickorish type construction of quasitoric manifolds and small covers. Roughly speaking, these manifolds over simple convex polytopes can be determined by some informations of their polytopes. If these polytopes admits some Lickorish type constructions, then these corresponding manifolds will also admit the induced Lickorish type construction. Therefore, we will discuss the Lickorish type construction of simple convex polytopes in the next section first.
3. Operations on polytopes 3.1. Simple polytopes and flips. One has a suitable "algebraic system" to describe all simple polytopes in any dimension as follows. First of all, let us recall the definition of flips on a simple polytope.
Let P be an n-dimensional simple polytope with m facets. Assume there exists a face f that is a simplex of dimension a − 1 and let b = n + 1 − a. One can define the flip on P at f as follows (called a flip of type (a, b)).
•
It is easy to see that H a,b is a simple (n−1)-polytope combinatorially equivalent to the product
H a,b ) where A B is the convex hull of two sets A and B.
• Choose a hyperplane to cut off a small neighborhood N (f ) of f in P which is combinatorially equivalent to ∆ a−1 H a,b .
• Define the flip on P at f be
It is shown in [1, Corollary 2.7] that the combinatorial type of flip f (P ) is uniquely determined by P and f . We also use (a,b) to refer to a general flip of type (a, b) on a simple polytope.
Example 3.1. Doing a flip on a simple n-polytope P at a vertex v (i.e. a flip of type (1, n)) is equivalent to "cutting off" v from P . In addition, the flip of the simple 3-polytope P in Figure 1 at the 1-simplex f gives us a polytope combinatorially equivalent to the 3-cube. It is shown in [1, Lemma 2.3] that up to combinatorial equivalence any simple n-polytope can be obtained from the n-simplex by a finite number of flips. We can restate their theorem as follows:
where the equivalent relation ∼ C is up to combinatorial equivalence.
We warn that the class of simple polytopes is not closed under "combinatorial flips". Indeed, the result of cutting off a neighborhood of a simplicial face f of a simple polytope P and gluing the neighborhood of another simplex in its place may not be a convex polytope (see [1, Example 2.10]).
Polytopal spheres and bistellar moves.
Recall that a polytopal sphere is defined to be the boundary of a simplicial polytope. A PL sphere is a simplicial sphere K which is PL homeomorphic to the boundary of a simplex (i.e. there is a subdivision of K isomorphic to a subdivision of the boundary of a simplex). Polytopal spheres are all PL spheres. But there exist non-polytopal PL spheres in dimension ≥ 3 (e.g. Brückner sphere). The following operations called "bisetellar moves" can help us to obtain new PL spheres from any given one. Definition 3.3. Let K be a simplicial q-manifold (or any pure q-dimensional simplicial complex) and σ ∈ K be a (q − i)-simplex (0 i q) such that link K σ is the boundary ∂τ of an i-simplex τ that is not a face of K. Then the operation
A q-dimensional PL manifold is a simplicial complex K such that the link of every nonempty simplex σ in K is a PL sphere of dimension q − dim(σ) − 1. Two PL manifolds K and K are called bistellarly equivalent if we can obtain K from K by a finite sequence of bistellar moves. It is easy to see that two bistellarly equivalent PL manifolds are PL homeomorphic. The following remarkable result shows that the converse is also true.
Theorem 3.4 (Pachner [14, 15] ). Two PL manifolds are bistellarly equivalent if and only if they are PL homeomorphic.
Since a simple polytope P and its dual simplicial polytope P * determine each other, we have the following one-to-one correspondence:
It is easy to see that for any 1 ≤ a ≤ n, a (a, b)-type flip on P corresponds to a bistellar (a − 1)-move on ∂P * . Indeed, any proper face f of P determines a unique simplex of ∂P * denoted by σ f , where dim(σ f ) = n − dim(f ) − 1. Then for any simplicial face f of P , χ σ f (∂P * ) corresponds to flip f (P ). So we have the correspondence:
{filps on simple n-polytopes} ←→ {bistellar moves on polytopal (n − 1)-spheres}. By Pachner's theorem, all the simplicial complexes obtained from bistellar moves on ∂∆ n are exactly PL (n − 1)-spheres. So we have the following algebraic system of Lickorish type construction of all polytopal simplicial spheres.
Moreover, the following theorem implies that we do not need flips of type (n, 1) to obtain a simple n-polytope P from the n-simplex ∆ n .
Theorem 3.5 (see [4] ). Let P be simple polytope of dimension n ≥ 3. Then there is a sequence of simple polytopes
So we have the following corollary, up to combinatorial equivalence
From the point of view of surgery, flips and bistellar moves are some sort of combinatorial surgeries. Analogy to Dehn surgeries in Lickorish's Theorem 1.1, these two kinds of operations are concrete and constructive. From finite concrete generators, one can use these two kind of operations to construct all objects in the above sets of combinatorial classes.
Remark 3.7. It is known that for a compact PL manifold M , the differential structure on M is determined by the homotopy set [ 
n is a PL n-sphere with n < 7, there is a one-to-one correspondence between PL structures on M n and smooth structures on M n . The most interesting case is in dimension 4, in this case the classification of PL structure on S 4 is equivalent to the classification of smooth structure on S 4 . On the other hand, bistellar move doesn't change PL structure. So it may be interesting to find some kind of "bistellar move" invariants on S 4 .
4. Lifting operations on P to Z P and RZ P
In section 2, we introduce two families of manifolds over a simple polytope P equipped with some special actions of real torus and Z 2 -torus. It is natural to consider the question of lifting the operations on P to these manifolds. First, let's consider the surgery on "the highest level" Z P and RZ P .
Suppose P is a simple n-polytope with m facets. Bosio-Meersseman [1] describes the equivariant surgery C (a,b) on Z P corresponding to a (a, b)-type flip (a,b) on P at a simplicial face f where dim(f ) = a − 1. Let π C : Z P → P be the orbit map of the canonical T m -action on Z P . For a small neighborhood N (f ) of f in P , it is easy to see that π
where T m−n−1 are determined by those facets of P which have no intersection with f . So when removing N (f ) from P and glue back ∆ b−1 H a,b ⊂ ∆ n in the flip, the corresponding equivariant surgery on Z P is given by:
Note that the a = n case is the converse operation of the a = 1 case, and the quotient /S 1 corresponds to the fact that a simplicial facet is shrunk to a vertex. These operations on Z P are also given in Buchstaber-Panov [2, §6.4].
Similarly, let π R : RZ P → P be the orbit map of the canonical (Z 2 ) m -action on RZ P . For a small neighborhood N (f ) of f in P , π
Since flips on an n-simplex ∆ n can produce all simple ploytopes (see Theorem 3.2 and Corollary 3.6), we can use the above equivariant surgeries to produce all (real) moment-angle manifolds from S 2n+1 = Z ∆ n (or S n = RZ ∆ n ). Moreover, for any PL sphere K we can define moment-angle complex Z K and real moment-angle complex RZ K , which generalizes the constructions for simple polytopes. Indeed, Z K and RZ K are still topological manifolds for any PL sphere K.
Furthermore, two moment-angle manifolds Z P 1 and Z P 2 are equivariantly homeomorphic if and only if P 1 and P 2 are combinatorially equivalent. Moreover, in [1] equivariant homeomorphism can be strengthened to equivariantly diffeomorphism.
Combing the results of Theorem 3.2 and Buchstaber-Panov [2, §6.4], we have the following. Theorem 4.1. Lickorish type constructions for moment-angle manifolds and real moment-angle manifolds.
(1) C-case:
All moment-angle manifolds over simple n-polytopes with m facets / ∼ H All moment-angle complexes over PL (n − 1)-spheres with m vertices
All real moment-angle manifolds over simple n-polytopes with m facets / ∼ H All real moment-angle complexes over PL (n − 1)-spheres with Proof. Let P be a simple n-polytope with m facets. By Corollary 3.6 and the definition of C (a,b) and R (a,b) , the manifolds Z P and RZ P are equivariantly cobordant to S 2n+1 × T m−n−1 and S n × (Z 2 ) m−n−1 , respectively. There is natural extension of the canonical action of
So Z P is equivariantly cobordant to zero. The similar argument works for RZ P .
Next, we consider some "lower level" classes Z P /H C and RZ P /H R . For the diagonal action, it is well-known that:
m RZ P is free. We have the following result parallel to Theorem 4.1. • C-case: All quotient spaces ,b) , a + b = n + 1, 1 ≤ a, b ≤ n where P runs over all possible n-dimensional simple polytopes. 
Remark 4.4. In this section, we discuss the liftings from the combinatorial type surgeries to the equivariant surgeries on the highest level. These liftings are oneto-one correspondence between equivariant homeomorphsim classes and combinatorial equivalent classes. Hence we could say these surgeries are still constructible, since one can produce these "highest level" objects by concrete date from these concrete combinatorial operations.
5. Construction of quasitoric manifolds and small covers 5.1. Low dimensional cases I: quasitoric manifolds. In the case of 2-dimensional simple polytopes, P. Orlik and F. Raymond's work [13] implies the following (also see [3, p.427] ).
Theorem 5.1 (Orlik-Raymond [13] ).
where ∼ D denotes the equivalence relation of T 2 -diffeomorphism and is the equivariant connected sum of two manifolds.
In the case of 3-dimensional small covers, Izmestiev [5] studied a special class of 3-dimensional small covers whose characteristic functions take values in a basis of (Z 2 ) 3 (i.e. three linearly independent elements of (Z 2 ) 3 ). Izmestiev [5] gave a Lickorish type construction of such 3-dimensional small covers as follows. Fig. 1 by the orbit map to a vertex of P is equivariantly homeomorphic to Euclidean space R 3 with the standard Z Definition 4. The equivariant connected sum Z(P 1 , χ 1 )# v1 ,v2 Z(P 2 , χ 2 ) of the two manifolds Z(P 1 , χ 1 ) and Z(P 2 , χ 2 ) with respect to the vertices v 1 ∈ P 1 and v 2 ∈ P 2 is defined as follows. We remove small invariant spherical neighborhoods of the points corresponding to the vertices v 1 and v 2 and glue the summands equivariantly along the boundaries.
The following proposition is obvious.
Lemma 2. For any polytopes P 1 and P 2 with colorings χ 1 and χ 2 there exists an equivariant homeomorphism
It is remarkable that topologically the equivariant connected sum does not depend on the choice of vertices at which the summation is performed. But homeomorphic manifolds obtained in this way can be not equivariantly homeomorphic since their orbit spaces can be different.
Further, let us describe the operation which corresponds to the transformation described by Fig. 1 .
Definition 5 (see [6] ). Dehn surgery of a 3-dimensional manifold consist of removing a solid torus and gluing it back by a homeomorphism of the boundary transposing a meridian and a parallel.
For the complete description of Dehn surgery, one should indicate a circle in the manifold which is the soul of the solid torus to be removed. Lemma 3. Suppose e is any edge of the polytope P ; then two copies of e glue together in a circle in the manifold Z(P , χ) . The Dehn surgery on the manifold Z(P , χ) around this circle corresponds to the polytope's transformation (from the left to the right) shown in Fig. 1 .
The proof is simple. Represent the transformation of the polytope as deleting a quarter of a cylinder with a subsequent gluing of a half-cylinder in its place. This process is pictured in Fig. 2 . Theorem 5.2 (Izmestiev [5] ).
• Combinatorial case:
where is the connected sum of two simple polytopes at some vertices and is the operation on a 3-polytope shown in Figure 2 .
• Topological case:
where and are the equivariant connected sum and the equivariant 0 1
-type Dehn surgery, respectively.
In dimension 6, Shintarô Kuroki discussed the equivariant diffeomorphism classification question of all 6-dimensional torus manifolds with vanishing odd-degree cohomology, which is a wider class of manifolds including quasitoric manifolds. Similar to Theorem 5.1, Theorem 5.3 (Kuroki [7] ). Up to T 3 -diffeomorphism, we have one-to-one correspondence:
All 6-dimensional 1-connected torus manifolds with vanishing odd-degree cohomology / ∼ D = AS S 6 , S 4 -bundles over S 2 , quasitoric 6-manifolds , where is the equivariant connected sum of two manifolds and ∼ D denotes the equivalence relation of equivariant T k -diffeomorphism.
5.2.
Low dimensional case II: small covers. The Four Color Theorem tells us that any simple 3-polytope admits (Z 2 ) 3 -colorings. Denote by
• P := the set of all pairs (P 3 , λ), where P 3 is a 3-dimensional simple convex polytope and λ is a nondegenerate (Z 2 ) 3 -coloring on it.
• M := the set of all 3-dimensional small covers.
By Davis-Januszkiewicz [3] , there exists a one-to-one correspondence: Figure 3 . The basic pairs where {e 1 , e 2 , e 3 } is the standard basis of (Z 2 )
3 Zhi Lü and Li Yu studied general 3-dimensional small covers in [10] and showed that any 3-dimensional small cover can be obtained from small covers over ∆ 3 and a triangular prism via a sequence of surgeries. Combinatorially, one has:
Theorem 5.4 (Lü-Yu [10] ). All pairs (P 3 , λ) of P form an algebraic system with
c , where ∆ 3 is a 3-simplex and P 3 (3) is a triangular prism, and λ 0 , · · · , λ 4 are shown in Figure 3 .
The six operations v , e , eve , , , c on P are shown below (cf. [10] ).
• Operation v on P
• Operation e on P :
P 3 e P 3 (3)
• Operation eve on P :
Here P 3 − (3) is obtained by cutting a vertex from the triangular prism P 3 (3).
• Operation on P : • Operation on P :
Case e 2 e 2 e 1 e 1 e 2 (P 3 1 , λ 1 ) (P 3 2 , λ 2 ) (II): 2-independent coloring (P 3 , λ) = (P 3 1 , λ 1 ) (P 3 2 , λ 2 )
It should be pointed out that Nishimura in [12] also gave Lickorish type construction for all orientable 3-dimensional small covers as follows: all orientable 3-dimensional small covers are obtained from RP 3 and T 3 by using the equivariant connected sum and equivariant 0 1 -type Dehn surgery.
Remark 5.7. In this section, we see in the "lowest level", there are plenty results similar to Theorem 1.1. Many "Equivariant Dehn surgeries" admit more concrete correspond to their combinatorial surgeries.
Furthermore, in many cases, one could reduce the number of generators and the number of specific types of equivariant surgeries as less as possible. In particular, according to [10] , we could see these six operations (equivariant-surgeries) are very concrete and easy to handle in the combinatorial level as well as the manifold level (lowest level).
Lickorish type problems in equivariant cobordisms
Recall that two smooth closed n-manifolds M 1 and M 2 are bordant if their disjoint union are the boundary of some n + 1 manifold. One knows that if M 1 is bordant to M 2 , M 2 can be obtained from M 1 by a finite steps of surgeries, which is also a kind of Lickorish type construction. Therefore, in cobordism, the idea of Lickorish type construction may provide a good point of view to discuss the manifolds in the same bordism classes.
In equivariant case, questions become more difficult. Roughly speaking, let G be a compact Lie group, two G-manifolds M 1 and M 2 are G-equivariant bordant if there exists a G-manifolds W with boundary M 1 M 2 such that their G-structures are equivalent. We are interested in the equivariant cobordism classification problems of G-manifolds.
